We report the realization of an ultra-efficient low-temperature hybrid heat current rectifier, thermal counterpart of the well-known electric diode. Our device is based on a tunnel junction between two different elements: a normal metal and a superconducting island. Electronic heat current asymmetry in the structure arises from large mismatch between the thermal properties of these two. We demonstrate experimentally temperature differences exceeding 60 mK between the forward and reverse thermal bias configurations at a bath temperature of 50 mK. Our device offers a remarkably large heat rectification ratio up to ∼ 140 and allows its prompt implementation in true solid-state cryogenic thermal nanocircuits and general-purpose low-temperature electronic applications requiring energy harvesting or thermal management and isolation at the nanoscale.
Thermal diodes [1] [2] [3] , i.e., devices allowing heat to flow preferentially in one direction, constitute one of the key tools for the implementation and development of solid-state thermal circuits. These would find immediate application in many fields of nanoscience in which energy plays a crucial role [4] [5] [6] , e.g., cooling, energy harvesting, thermal isolation, ultrasensitive cryogenic radiation detection [6] , quantum information [7] , or emerging fields such as nanophononics [8] , thermal logic [1] and coherent caloritronics [9] [10] [11] . Yet, both in terms of electronic [12, 13] or phononic heat conduction [14, 15] , the experimental realization of thermal diodes remains still very challenging [16] .
A highly-efficient thermal diode should provide differences of at least one order of magnitude between the total heat current transmitted in the forward temperature bias configuration, J f w , and that generated upon temperature bias reversal, J rev . In other words, a thermal rectification coefficient R = J f w /J rev 1 or 1 is required. So far, R ∼ 1.07 − 1.4 has been reported in devices where thermal transport occurred only thanks to lattice phonons [17] [18] [19] . In the context of heat conduction by electrons, which is the scope of the present work, R ∼ 1.1 was obtained with a quantum-dot thermal rectifier at cryogenic temperatures [20] . Here we show that unprecedented thermal rectification ratios reaching ∼ 140 can be attained in a hybrid device combining normal metals tunnelcoupled to superconductors [21, 22] . Our approach provides with a world-beater experimental realization of a thermal diode, ready to be put into use in low-temperature solid-state thermal circuits.
Our thermal diode has been experimentally implemented by means of a NIS junction, where N stands for a normal metal, I for a thin insulating layer and S denotes a superconductor. As schematized in Fig. 1A , the diode operates inserted between two identical right and left N reservoirs. As we will demonstrate, large heat current rectification results from asymmetrical thermal coupling of the NIS junction with both right and left reservoirs as well as from asymmetrical heat exchange with the thermal bath. The former ingredient is provided by the energy gap in the superconducting density of states, while the latter is guaranteed by the presence of a normal metal probe P N connected to the N electrode. * f.giazotto@sns. it The device has been fabricated by electron beam lithography, three-angle shadow mask evaporation of metals and in-situ oxidation [23] . The diode's core, enlarged in the top part of Fig. 1B , consists of a NIS junction with normal-state resistance R T ≈ 7.5 KΩ. Two normal metal probes, P N and P S , are tunnel-coupled to the N and S electrodes and exhibit normal-state resistances R N ∼ 43 kΩ and R S ∼ 80 kΩ, respectively. Both the probes are used for preliminary electrical characterization purposes. Furthermore, as mentioned above, P N is essential for enhancing the efficiency of the diode. As shown in the bottom part of Fig. 1B , the NIS junction is tunnel-connected to two right and left normal metal electrodes through resistances R R ≈ 3.1 kΩ and R L ≈ 1.8 kΩ, respectively. These electrodes constitute the thermal reservoirs and are used for investigating the thermal properties of the diode. To this end, they include four tunnel-coupled (∼ 20 kΩ) superconducting wires operating either as heaters or thermometers [6, 9, 10] . Aluminum (Al) with critical temperature ≈ 1.5 K implements all superconducting parts of the structure whereas Al 0.98 Mn 0.02 has been used as a normal metal [24] . Measurements have been performed down to 50 mK of bath temperature (T bath ) in a dilution refrigerator.
Despite its intrinsic asymmetry, our device is fully symmetric from the electrical side. This is confirmed by the differential conductance (G = ∂ I/∂V ) obtained from the experimental current (I) vs. voltage (V ) characteristic shown in Fig. 1C . Electrical conductance measurements are performed through the series connection of two superconducting probes attached to the right and left reservoirs. This leads to a total resistance 1/G ∼ 50 kΩ for bias voltage well above 4∆(0)/e, where ∆(0) ≈ 230 µeV is the zero-temperature superconducting energy gap of Al, and e is the electron charge.
Directional thermal current mismatch is demonstrated by imposing an electronic temperature gradient across the device. This is possible since electrons in metallic thin films are weakly coupled to lattice phonons at sub-kelvin temperatures. As a consequence, each subsystem of the structure can be described by a Fermi-like energy distribution characterized by its own electronic temperature that can largely differ from that of the phonon bath [25] . In the forward configuration, the bias temperature on the left electrode (T bias ) is raised above T bath while monitoring the resulting electronic temperature on the right reservoir (T f w ). The measurement procedure is inverted in the reverse configuration, in which the temperature on the left lead (T rev ) is probed for an increasing T bias set in the right electrode. Three representative curves, obtained at different T bath , are shown in Fig. 2A . Differences between the temperatures measured in the forward (full symbols) and reverse configurations (open symbols) reveal, at a first glance, large thermal asymmetry which becomes more apparent by lowering T bath . Furthermore, the intersection between T f w and T rev , clearly visible at T bath = 150 mK, suggests the existence of two regimes. As we will argue, the first one (T f w > T rev ) is characterized by R > 1 while in the second one (T f w < T rev ) heat flows preferentially in the reverse configuration leading to R < 1 [21, 22] .
Since any direct measurement of the heat current is infeasible, the magnitude of heat rectification is assessed from the experimental temperatures with the aid of the thermal model sketched in Fig. 2B . It describes the forward temperature bias configuration in the thermal diode, and allows to infer the behavior of the heat current J f w flowing into the right reservoir from the measured T f w and structure parameters. In the model, the four electrodes forming the device reside at temperatures T bias > T N > T S > T f w > T bath , where T N and T S are the electronic temperatures of N and S, respectively. Terms J NIN and J NIS represent the heat currents entering the thermal diode and flowing from N to S, respectively. J e−ph terms account for heat exchanged between electrons and lattice phonons. The latter are assumed to be thermalized with substrate phonons residing at T bath due to negligible Kapitza resistance [25] . In addition to this contribution, J cool terms include also the energy losses trough P N and P S .
The electronic temperatures T N , T S and T f w can be calculated for any given value of T bias by solving the following system of energy-balance equations:
In particular, Eqs. (1), (2) and (3) account for the detailed thermal budget in the N, S and right electrode, respectively, by setting to zero the sum of all the incoming and outgoing heat currents. An analogous set of equations can be written as well for the reverse thermal bias configuration [23] . Owing to tunnel-coupling of the electrodes forming the thermal diode, photon-mediated heat transport is neglected in our analysis due to a poor impedance matching [26, 27] . We also checked numerically that independent phononic channels existing in each part of the device thanks to a finite Kapitza resistance affect insignificantly the results. The calculated T f w and T rev values are fitted to the experimental data by letting R N vary from 50% to 100% of its nominal value. This is the only fitting parameter and accounts for additional energy losses from the diode's core due to non-idealities of the P N junction. As shown in Fig. 2A a good agreement between theory and experiment is obtained. This supports the validity of the thermal model which represents an essential tool to extract the value of R [23]. Figure 3 summarizes our main results. For each T bath , the experimental temperature difference δ T = T rev − T f w is plotted vs. T bias along with the theoretical curves obtained from the thermal model. As before, agreement between theory and experiment is noteworthy. The corresponding rectification ratio R is plotted on the right axes. Large negative δ T leads to R 1 stemming from substantial thermal rectification in the forward configuration. More specifically |δ T | reaches values exceeding 60 mK for T bias ∼ 350 mK and R ∼ 140 can be attained at the lowest bath temperature. As the bias temperature is raised, |δ T | decreases and R approaches unity indicating a reduction of the diode's performance. Further increase of T bias leads to R < 1 pinpointing the outset of the other regime of rectification. In this case, however, differences between the forward and reverse heat currents are less pronounced leading only to R ∼ 0.5 at T bath = 300 mK.
We now focus on the mechanisms at the origin of the observed large thermal rectification, i.e., for R 1. The S electrode behaves, both in the forward and reverse configurations, as a thermal bottleneck. This is due to the presence of the energy gap in its density of states that affects energy transfer by strongly limiting the heat current flowing through a NIS contact as compared to that flowing through a NIN junction [21, 22] . The thermal bottleneck effect is further enhanced in the reverse configuration by the presence of the probe P N that behaves as a thermalizing cold finger [23, 28] . Owing to its large volume, electrons in the probe are fully thermalized with lattice phonons [6, 25] and provide the N electrode with an efficient channel for energy relaxation down to T bath . The resistance R N plays therefore a determinant role in this process. According to our analysis, [23] the experimental value of R N is close to the one that maximizes the rectification ratio. By contrast, the influence of P S can be neglected due to the limited thermal conductance of the NIS contact [6] . Combining the aforementioned phenomena results in the temperature response pictorially sketched in Fig. 4A . Here, the key temperature gradients T S > T f w and T N ∼ T rev developed in the forward and reverse configurations, respectively, lead to J f w J rev .
The crucial role embodied by the S island and P N can be appreciated by theoretically analyzing what happens in their absence. For this purpose, it will be helpful to focus on the optimal rectification ratio (R opt ) which is defined as the one obtained when the difference between J f w and J rev is maximum. In Fig. 4B we plot R opt corresponding to our device (full circles) along with the theoretical results obtained for two illustrative cases. We first focus on the low T bath region, where R opt > 1 decreases for increasing bath temperature. These results are compared to the expected behavior of the diode when the S electrode is replaced with a normal metal (dashed line). This has dramatic consequences on the efficiency leading only to a minute R opt 1.5. On the other side, if P N is removed from the device, its response (dash-dotted line) changes drastically exhibiting heat rectification only in the reverse direction. In addition, the efficiency is limited to R opt ∼ 0.5, i.e., nearly 70 times smaller than the best performance attainable with our device.
We consider now the experimental results shown in Fig.  4B for T bath ≥ 300 mK. Remarkably, the diode's optimal efficiency changes direction (R opt < 1) and its behavior is well described by the theoretical curve obtained for the diode lacking P N (dash-dotted line). This indicates a reduction of the effectiveness of the cold finger probe P N at large bath temperatures [23] . As a consequence, the gradient T N −T rev increases and so does J rev . Furthermore, in the reverse configuration the S island reaches temperatures which decrease significantly the energy gap in its density of states [21, 22] thereby favoring the heat flow toward the left reservoir. We conclude by noting the vanishing of heat rectification (R opt ∼ 1) for T bath approaching 500 mK. This stems from increased electron-phonon coupling in the N elements of the diode which levels temperature gradients across the whole device in both configurations.
In summary, we have realized an ultra-efficient thermal diode providing differences of more than two orders of mag- nitude between the amplitude of the forward and reverse heat currents. Our design is based on a NIS junction in which large thermal asymmetry arises from the combined effects of the superconducting energy gap and of asymmetrical coupling to the bath. The device is easily implementable with conventional nanofabrication techniques and might become a basic element in thermal-related applications at the nanoscale. More immediate uses of this diode include energy harvesting and thermal management and isolation of general-purpose cryogenic electronic microcircuitry such as, for instance, solid-state quantum information architectures [7] . Combined with the heat interferometers reported in Refs. 9 and 10, our thermal rectifier materializes one of the main building blocks of forthcoming coherent caloritronic nanocircuits [11] . Acknowledgements. We acknowledge C. Altimiras for useful comments. The Marie Curie Initial Training Action (ITN) Q-NET 264034 and the Italian Ministry of Defense through the PNRM project TERASUPER are acknowledged for partial financial support.
SUPPLEMENTARY MATERIALS A. Device fabrication
The samples were fabricated through electron-beam lithography and three-angle shadow-mask evaporation of metals onto an oxidized Si wafer through a suspended resist mask. In the electron-beam evaporator, the chip was initially tilted at Table I . R T , R L and R R are the normal state resistances of the NIS junction, right and left electrodes, respectively. R N and R S are the resistances of P N and P S , respectively. The heater/thermometer NIS tunnel junctions have a normal-state resistance R th ∼ 20kΩ each.
B. Experimental setup
The electric characterization of the sample was performed down to 50 mK in a filtered dilution refrigerator. Current biasing of the thermometers was obtained through batterypowered floating sources, whereas the heaters were operated upon voltage biasing within 0-2 mV, corresponding to a maximum of ∼ 50 pW of power injected into the N electrodes. Thermometer bias currents were varied from 5 pA to 100 pA in order to achieve high sensitivity in different ranges of temperature while limiting the impact of self-heating and selfcooling [6] . Voltage and current were measured with conventional room-temperature preamplifiers.
C. Thermal model
In the thermal model used to describe the behavior of the device, we take into account four different kinds of thermal currents. First, if we consider two N electrodes residing at electronic temperatures T 1 and T 2 (with T 1 ≥ T 2 for definiteness) coupled by means of a tunnel junction, the stationary thermal current flowing through the junction is given by [22] :
where R Ω is the contact normal-state resistance, e is the electron charge and k B is the Boltzmann's constant. Instead, the thermal current flowing through a temperature-biased NIS junction in the stationary state reads [6] :
Here, f (E,
is the smeared normalized Bardeen-Cooper-Schrieffer density of states in the superconductor [30] and ∆(T ) is the temperature-dependent superconducting energy gap [31] . Γ accounts for subgap leakage in realistic NIS junctions, and has been set to 10 −4 ∆(0) in all numerics as determined from the experiment [32] . Moreover, we have to consider the heat exchanged by electrons in the normal metal (J e−ph,N ) and in the superconductor (J e−ph,S ) with lattice phonons. The latter are assumed to be thermalized with substrate phonons residing at the cryostat temperature T bath , thereby neglecting lattice heating, given that the Kapitza resistance is negligibly small at such low temperatures [25] . Expressions for electron-phonon heat currents read [10, 24, 29] :
Here Σ N,S is the material-dependent electron-phonon coupling constant, V N,S is the volume of the normal or superconducting system and n is the characteristic exponent of the material. In Eq. 7, f
and the phonons are assumed to be in thermal equilibrium with occupation n(ε, T bath ) = [exp(
. In our case n = 6, Σ AlMn = 4.5 × 10 9 WK −6 m −3 and Σ Al = 0.3 × 10 9 WK −5 m −3 [10, 24, 29] .
Equations 4-7 can be used to write energy-balance nonlinear integral equations, whose solution allows to extract the value of the rectification efficiency R.
In the forward configuration, as shown in Fig. 5A , the electronic temperature of the left reservoir is set to T bias . In the steady state, the N, S and right electrodes reach the electronic temperatures T N , T S and T f w , respectively. In this configuration, we have T bias ≥ T N ≥ T S ≥ T f w ≥ T bath . Therefore the behavior of the device can be described by the following system of equations, which account for the detailed thermal budget in mental data by letting α vary within 1 and 2.2 and allows us to extract the rectification ratio R = J f w /J rev .
D. Designing an efficient thermal diode
The rectifying properties of a NIS junction have been investigated in Refs. 21 and 22: the presence of the superconducting density of states is a sufficient condition to make the thermal current flowing through the device asymmetrical and to obtain R = 1. In this case, the diode operates in the regime characterized by R < 1, in which heat current flows preferentially in the reverse configuration. Nevertheless, its performance is limited and strictly related to the behavior of the superconducting gap ∆(T ). In order to enhance the efficiency and to obtain a working diode even at temperatures where ∆(T ) does not vary significantly, we must further unbalance the thermal symmetry of the system. Toward this end, two options arise as the simplest: the first is to make the ratio R L /R R 1 or 1; the second is to couple the diode asymmetrically to the thermal bath.
The first option, although conceptually simple, is the most complex on the fabrication level, since it would require additional steps of evaporation and oxidation. By contrast, the second alternative is more easily achievable. In fact, asymmetrical coupling to lattice phonons is an intrinsic property of the NIS junction (see Eqs. 6 and 7). Furthermore, this asymmetry can be amplified exploiting the N probes used to characterize the device. As already mentioned in the previous section, they reside at T bath and constitute an additional channel through which the diode can release energy. In particular at low temperatures, the heat exchanged by the N electrode and P N can weighs relevantly on the efficiency of the device. On the other hand, the energy release through P S is negligible.
As shown in Fig. 6A , the value of R N has a strong influence on the behavior of R vs. T bias : not only it modifies the maximum value of R (R max ), but it also moves the maximum point. This is strictly related to the diode working principle: the S electrode works as a thermal bottleneck in both the forward and reverse configuration. Under equal T bias , we obtain R 1 if the N part of the diode is efficiently thermalized to the bath temperature, and R N plays an important role in this process. As a matter of fact, if P N is too transparent, T N and T S in the forward configuration become too close to T f w ; on the contrary, if P N is too opaque, in the reverse configuration T N gets significantly higher than T rev . This delicate trade-off leads to a non-monotonic behavior of R max vs. R N , as shown in Fig. 6B .
The role of R T , on the other side, turns out not to be so crucial to optimize the efficiency of the heat diode. Increasing or decreasing R T leads, respectively, to the enhancement or reduction of the thermal gradients at the diode's output in both the configurations. This yields a non-monotonic behavior of R max vs. R T that does not differ significantly from the result we obtained for our device (R max shows a relative variation of ∼10% for R T spanning from 1 kΩ to 300 kΩ).
In order to design an efficient thermal diode, the ingredient that has to be also considered is J e−ph,N , i.e., the electron- phonon relaxation in the N electrodes. In our experiment we exploited Al 0.98 Mn 0.02 because of its favorable oxidation properties and reduced electron-phonon coupling at low temperature. As a matter of fact, this material follows a T 6 power law with Σ AlMn = 4.5 × 10 9 WK −6 m −3 [10, 24] . Another material that is typically used to fabricate N electrodes is copper (Cu), which is characterized by a T 5 dependence and Σ Cu = 3 × 10 9 WK −5 m −3 [6, 9] .
In Fig. 6B we compare the maximum rectification efficiency of our device as a function of R N for two different choices of the N material. We limit our analysis to the same range of T bias we explored experimentally. The solid lines correspond to a diode made of Al 0.98 Mn 0.02 and Al, identical to the one we measured, whereas the dashed lines stand for a device where all the N parts are made of Cu. In the latter case, the T 5 dependence of the electron-phonon coupling has dramatic consequences on the efficiency of the device. This stems from the stronger energy relaxation that affects the thermal reservoirs, thereby levelling temperature gradients across the whole device.
Finally, we consider the role of the electron-phonon coupling for an increasing T bath . To this end, we define the optimal rectification ratio R opt as the one obtained when the difference between J f w and J rev is maximum. In Fig. 6C we plot R opt vs. T bath for the same cases analyzed in Fig. 6B . As explained in the main text, the optimal efficiency of the Al 0.98 Mn 0.02 diode changes direction (R opt < 1) [21, 22] at T bath = 300 mK, indicating a strong reduction in the effectiveness of P N . This switching temperature results from the competition between the energy release through the probe (∝ T 2 ) and the electronphonon coupling (∝ T 6 ) affecting all the N electrodes of the structure. In the case of Cu, the switching point occurs at lower T bath , since the electron-phonon coupling in this material is stronger at low temperatures (∝ T 5 ).
